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1. INTRODUCTION 
Geronimus [6] considered polynomial sets {P,(X)} of the form 
(1.1) P,(x)= i: LI,-/J+&(X) n=o, 1,2, . . . 
k=O 
where W&V)= 1, IQ&)=(X-x,)(x--2) . . . (x-xk) for kzl, and where {an], 
{x~} are arbitrary sequences of complex numbers, { bk> f 0. It is easy to see that 
for (1.1) to form an orthogonal polynomial set (OPS) no two consecutive a, can 
vanish for this would have two consecutive orthogonal polynomials with a 
common zero. 
Geronimus gave many examples of polynomial sets of type (1.1) which are 
also OPS. Furthermore in case {a,} #0 he proved that (1.1) forms an OPS if 
and only if 
(1.2) {SZn,nJ-52,,,)/A*-,-r (v=O,1,2 ,..., n-2) 
are all non-zero, independent of v, and are of the same sign as that of I?,- I , 
whereA,=a,-I/a,, B,=b,,-r/b, (nzl), Ae=&=O, and 
Geronimus did not solve the problem of finding all such OPS. He only con- 
sidered some special values of {a,}, {b,} and {xn). On the other hand Chihara 
[l] showed that when x, =0 for all n (so that w,(x) =xn) then (1.1) forms a 
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Brenke type set and in this case he obtained all such OPS. In case uzn+ 1 = 0 for 
all n Geronimus showed that x2C2n + 1 =x1 and x2n =x2 where x1 and x2 may be 
different. He did not find out for what {azn) and (B,} would (1.1) form an OPS. 
In this note we address ourselves to this question. We shall first point out a 
converse to the above assertion and then obtain all OPS of the form (1.1) with 
a2,,+, = 0 for all n. We obtain a new set of orthogonal polynomials which is 
related to the q-Laguerre polynomial set. 
2. The case x2n+ r =x1, xzn =x2. Let {P,,(x)) be given by (1.1) with wz,(x)= 
=(x-x#(~-x~)~ and ~~~+,(x)=(x-x~)~+~(x-x~)~. Let us recall that {P,(x)} 
is orthogonal if 
Pn-2(x) (n 2 1) 
(2.1) 
: 
P,(X) =+ 
n 1 
(X-%lPn-1w-kl~ 
n 2 
pcJ(x)=l,p-,(x)=0, A,>O. 
Since xwk(x) = wk+ r(x) + xk+ lwk(x) we get from (2. I) 
(2.2) 
a,-,b, = 5 [a,-,b,-1+x,+,a,-.-lb,-cr,a,-,-lb,l 
n 1 
-&b” 
b-2 
G-v-2 V’ b 
This relation implies, after some manipulation, that 
(2.3) a2n+1= --~1~2n+l+@Zn+XI 
(2.4) ClZn=alB2n-1-alBZn+X2 
and 
(2.5) a =bnan-l n b_ (x1-cZ,)--n F* 
n 1 n 2 
Now if ai =0 then a2n+1 =x1, azn =x2 and thus (2.5) implies that a3 = c-z5 = . . . = 0. 
This together with Geronimus’ result gives 
THEOREM. Let the polynomial set (l-1) be orthogonal. Then a2, + , = 0 for all 
nr0 if and only if xZn+r =x1, x2n=~2 and aI =O. 
3. Let us now consider in detail the case azn + I = 0 for all n 2 0. Thus as was 
shown in 5 2, a2n+ 1 =x1 and azn = x2. Furthermore we have x - azn + 1 = y + CT and 
X-Q,, =~-a where y=x-(xl +x2)/2. and cx=(xz--x1)/2. Thus wzn(x)= 
= Cy* - a2)n and w 2n+ 1(x) = Q + (r)b2 - CX~)~. Formula (2.1) becomes 
(3.1) PnOt) =* 01-F lYwPn-lti)-~n +- Pn-2w 
n 1 n 2 
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which, upon equating coefficients of wk(x), yieIds (2.2) with a,, , = (-)“+I.. 
Since dy - a)~,,_ 1(x) = wzk(x) and (y + cr)wz,&) = wZk+ ,(x) we get from (3.1) 
upon equating coefficients of w&) 
(3.2) 
azn - 2k =* (k=O,l,...,n- 1) 
a2n-2k-2 a2n-2 
Formulas (3.3) and (3.2) imply 
(3.4) 
l-wbz+1 1-@2k+l 
B = 
= -c (lsksn-2). 
2n &k 
Writing (3.2) once with k = 1 and again with k = 2, we get 
(3.5) B2n-Q B2n-2=B2 CnZG2) 
where q = (B4 I&)/B,. We may assume that q #O. For q = 0 leads to B, = bl, a 
constant for all n and thus, in view of (3.2), a2n = a0 for all n. 
Consequently we see that the solution of (3.5) is 
(3.6) &,=d(l-q") (n&) 
where d = bl/b2(1 -4) is an arbitrary constant. The case q = 1 can be obtained 
from (3.6) by replacing d by bl/B2(1 - q) and taking the limit as q+ 1. Hence we 
shall not consider this case separately. 
Now (3.4) gives 
(3-V B2n+l = y (1 - yq”) (n&o) 
with y = cd/(1 + cd). Now from (3.6) and (3.7) we get 
bzn-1 d -=b, (1 +cd)(l - yq”)(l -4”) 
b Zn-tl 
so that 
n+l 
b bl 
2n” =d”(l +Cd)“[q; qln[Yq; qln 
and 
9n = 
by 
d”(l + cd)“[q; qln[Y; qln’ 
Similarly (3.2) with k = n - 1 leads to 
a2, = ( - e)” ’ 
+n(n - 1) 
14; slrl 
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where e = - az(l -4) and is thus arbitrary. Here we have used the notation 
[a; 410” 1, [a; qln=(l -a)(1 -aq) . . . (1 -aqn-1) (nzl). 
It is now a matter of easy calculations to write (P,(x)}, in the manic case, as 
X2-Cl2 
4 
-n 
90; - 
(3.8) ~2,cG = (-cY[y; 41nq+n(n+ *I 2@1 
E 
I I Y 
and 
(3.9) ~2,+1(x)=(-wbq; 41n4+n(n+1)(X+Q) 2@1 
i 
q-“,o; x2;a2 
4Y 
where 
241 
u,b;x [ 1 = i La; qldb; qlk Xk * c k=O 14; ql&; dk 
These polynomials satisfy the three term recurrence relation 
c PnW=(X-(- l)“alp,-l(X)--A,p,-z(x) ow) 
(3.10) 
I 
~+,(x)=l,p-,(x)=0, and 
&n =Eq”(l - yq” -‘I, h,+ 1 =Eyq”(l - q’?, 
where E>O, y>O and O<q< 1. 
The OPS (3.10) turn out to be related to the Wall polynomials [4, 51 which 
are themselves q-Laguerre polynomials. Indeed if we recall that the Wall poly- 
nomials are given by [5; p. 1981 
Wn(x; rlq)=(- ~Y%wl?dn(n+l~ 2ch q -“,O; x [ I Y 
are orthogonal with respect to the discrete distribution v(x) which has the 
spectral points at x = qk + * , k s 0 and such that 
&/(qktl)=‘$q;; (k=0,1,2 ,... ). . , 
Their kernal polynomials are W,(x, qy 1 q) which are orthogonal with respect to 
the distribution xdly(x). The symmetric polynomials { Y,(x)) defined by 
(3.11) Y2n(X)= wdx29Ylq), Y2n+1(X)=X~n(X2,YqIq) 
are orthogonal on (- 00, ao) with respect to the distribution (sgn x) &(x2). They 
can be shown to satisfy (3 .lO) with a= 0. 
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Now using a theorem of Chihara [3] we get that the polynomials of (3.10) 
with a f 0 are orthogonal on ( - a -Eq, - a) U (a, a + Eq) with respect to the 
distribution 
where #(x) is discrete and has the spectral points 
xk= zk(a2+Eqk+y 
and jumps 
Yk d#( +xk) = [Y; 4, - 
14; dk 
k=0,1,2, . . . . 
The moments for this distribution are 
puzrI= i n 
0 
cY2n - “@?l)j b; 41j P2n + 1= - w2n * 
j=O j 
The case q = 1 leads to the system 
. 
and 
We also make the following remark. If 
is the little q-Jacobi polynomials, then it follows that 
wr-t (4x, QY I4) =Pn (x, Y2 0 I 4). 
Thus the symmetric polynomials { Y,(x)} of (3.11) is a special case of a poly- 
nomial set {Sn} which we encountered in 121. In fact if S,,(x) =pn(x2, CY, flI q) and 
& + l(x) = -w, (x2, w P I 4) then 
where w(x) is discrete with jumps 
dw(x) = lw)k(qk+ %m 
u%lk+ ‘)m 
A atx= Ifiqik for k=0,1,2 ,.... 
These are themselves a special case of a polynomial set that Al-Salam and 
Ismail obtained in [l]. 
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